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Abstract
A Z2Z4-additive code C ⊆ Z
α
2 × Z
β
4 is called cyclic if the set of coordinates can be
partitioned into two subsets, the set of Z2 and the set of Z4 coordinates, such that
any simultaneous cyclic shift of the coordinates of both subsets leaves invariant the
code. These codes can be identified as submodules of the Z4[x]-module Z2[x]/(x
α−
1)×Z4[x]/(x
β−1). Any Z2Z4-additive cyclic code C is of the form 〈(b(x) | 0), (ℓ(x) |
f(x)h(x)+2f(x))〉 for some b(x), ℓ(x) ∈ Z2[x]/(x
α−1) and f(x), h(x) ∈ Z4[x]/(x
β−
1). A new algorithm is presented to compute the generator polynomials for Z2Z4-
additive cyclic codes.
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1 Introduction
Denote by Z2 and Z4 the rings of integers modulo 2 and modulo 4, respectively.
We denote the space of n-tuples over these rings as Zn2 and Z
n
4 . A binary code
is any non-empty subset C of Zn2 . If that subset is a vector space, then we
say that it is a linear code. Any non-empty subset C of Zn4 is a quaternary
code and a submodule of Zn4 is called a quaternary linear code. As general
references on binary and quaternary codes, see [7],[8] and [9].
In Delsarte’s 1973 paper (see [6]), he defined additive codes as subgroups
of the underlying abelian group in a translation association scheme. For the
binary Hamming scheme, namely, when the underlying abelian group is of
order 2n, the only structures for the abelian group are those of the form
Z
α
2 × Z
β
4 , with α + 2β = n. This means that the subgroups C of Z
α
2 × Z
β
4 are
the only additive codes in a binary Hamming scheme. In [2], Z2Z4-additive
codes were studied.
For vectors u ∈ Zα2 × Z
β
4 we write u = (u | u
′) where u = (u0, . . . , uα−1) ∈
Z
α
2 and u
′ = (u′0, . . . , u
′
β−1) ∈ Z
β
4 .
Let C be a Z2Z4-additive code. Since C is a subgroup of Z
α
2 ×Z
β
4 , it is also
isomorphic to a commutative structure like Zγ2 × Z
δ
4. Therefore, C is of type
2γ4δ as a group, it has |C| = 2γ+2δ codewords and the number of order two
codewords in C is 2γ+δ.
Let X (respectively Y ) be the set of Z2 (respectively Z4) coordinate posi-
tions, so |X| = α and |Y | = β. Unless otherwise stated, the set X corresponds
to the first α coordinates and Y corresponds to the last β coordinates. Call CX
(respectively CY ) the punctured code of C by deleting the coordinates outside
X (respectively Y ). Let Cb be the subcode of C which contains all order two
codewords and let κ be the dimension of (Cb)X , which is a binary linear code.
For the case α = 0, we will write κ = 0.
Considering all these parameters, we will say that C is of type (α, β; γ, δ; κ).
Notice that CY is a quaternary linear code of type (0, β; γY , δ; 0), where 0 ≤
γY ≤ γ, and CX is a binary linear code of type (α, 0; γX, 0; γX), where κ ≤
γX ≤ κ + δ.
In [2], it is shown that a Z2Z4-additive code is permutation equivalent to
a Z2Z4-additive code with standard generator matrix of the form
G = (GX | GY ) =


Iκ Tb 2T2 0 0
0 0 2T1 2Iγ−κ 0
0 Sb Sq R Iδ

 , (1)
where Ik is the identity matrix of size k × k; Tb, Sb are matrices over Z2;
T1, T2, R are matrices over Z4 with all entries in {0, 1} ⊂ Z4; and Sq is a
matrix over Z4.
The aim of this paper is to present an algorithmic method to compute
the generator polynomials of Z2Z4-additive cyclic codes. The paper is orga-
nized as follows. In Section 2, we will introduce Z2Z4-additive cyclic codes
and we will give a description of their generator polynomials. In Section
3, we will explain the algorithm to compute the generator polynomials of a
given Z2Z4-additive cyclic code. This algorithm has been implemented and
forms part of a package developed in Magma within the Combinatorics, Cod-
ing and Security Group from Universitat Auto`noma de Barcelona (CCSG,
http://ccsg.uab.cat/)[3], [5]. Finally, in Section 4, we will give some con-
clusions about our work.
2 Z2Z4-additive cyclic codes
Let u = (u | u′) ∈ Zα2 × Z
β
4 and i be an integer. Then we denote by
u(i) = (u(i) | u′(i)) = (u0+i, u1+i, . . . , uα−1+i | u
′
0+i, u
′
1+i, . . . , u
′
β−1+i)
the cyclic ith shift of u, where the subscripts are read modulo α and β,
respectivelyfor.
We say that a Z2Z4-additive code C ⊆ Z
α
2 ×Z
β
4 is cyclic if for any codeword
u ∈ C, we have u(1) ∈ C. Z2Z4-additive cyclic codes have been studied in [1]
and [4].
Let Rα,β = Z2[x]/(x
α − 1)× Z4[x]/(x
β − 1), for β ≥ 0 odd. We define the
bijective map θ : Zα2 × Z
β
4 −→ Rα,β such that
θ(v0, . . . , vα−1 | v
′
0, . . . , v
′
β−1) = (v0+v1x+· · ·+vα−1x
α−1 | v′0+v
′
1x+· · ·+v
′
β−1x
β−1).
It is known that Z2Z4-additive cyclic codes are identified as Z4[x]-submodules
of Rα,β via θ, [1]. Moreover, if C is a Z2Z4-additive cyclic code of type
(α, β; γ, δ; κ) with β odd, then there exist polynomials b(x), ℓ(x) ∈ Z2[x], and
polynomials f(x), h(x) ∈ Z4[x] such that satisfy the following conditions:
(C1) f(x) and h(x) are coprime divisors of xβ − 1,
(C2) b(x) divides xα − 1,
(C3) deg(ℓ(x)) < deg(b(x)),
(C4) b(x) divides x
β
−1
f(x)
ℓ(x) (mod 2),
and
C = 〈(b(x) | 0), (ℓ(x) | f(x)h(x) + 2f(x))〉.
3 Computing the generator polynomials
Let D be a quaternary linear code of length β. Define the torsion code of
D as Tor(D) =
{
v ∈ {0, 1}β | 2v ∈ D
}
. Define also the residue code of D as
Res(D) = {µ(z) | z ∈ D}, where µ(x) = µ(z1 . . . , zβ) = (µ(z1), . . . , µ(zβ)) is
the modulo 2 map from Z4 to Z2. Note that Tor(D) and Res(D) are binary
linear codes. Moreover, if D is cyclic, then so are Tor(D) and Res(D).
The following algorithm computes the generator polynomials for a Z2Z4-
additive cyclic code.
Algorithm 1 Input: A Z2Z4-additive cyclic code, C of type (α, β; γ, δ; κ) with
β odd and generator matrix G = (GX | GY ).
Step 1: Calculate the generator polynomial f¯(x) of the binary code Tor(CY ).
Step 2: Calculate the generator polynomial f¯(x)h¯(x) of the binary code
Res(CY ).
Step 3: Compute f(x) and h(x) the Hensel lift of f¯(x) and h¯(x), respectively.
Step 4: Calculate the generator polynomial b(x) of the code C0 = {w ∈ Z
α
2 |
(w | 0, . . . , 0) ∈ C}.
Step 5: Find v ∈ Zγ2 × Z
δ
4 such that vGY = θ
−1(f(x)h(x) + 2f(x)).
Step 6: Compute the polynomial ℓ(x) = θ(vGX) mod (b(x)).
Output: The generator polynomials b(x), ℓ(x), f(x) and h(x).
Theorem 3.1 Let C be a Z2Z4-additive cyclic code of type (α, β; γ, δ; κ) with
β odd. The output polynomials b(x), ℓ(x), f(x) and h(x) of Algorithm 1 verify
Conditions (C1), (C2), (C3), (C4), and
C = 〈(b(x) | 0), (ℓ(x) | f(x)h(x) + 2f(x))〉.
4 Conclusion
In this paper, we have presented an algorithm to compute the generator poly-
nomials of a Z2Z4-additive cyclic code. We are developing a package to work
with Z2Z4-additive cyclic codes within the Magma environment. It is im-
portant to mention that Magma provides machinery to study cyclic codes
over finite fields Fq, over the integer residue classes Zm, and over Galois rings
GR(pn, k). The ring Z4 receives a special attention and there are available
specific functions to work with codes over Z4. Nevertheless, Magma provides
functions to get the generator polynomials for cyclic codes only over finite
fields, e.g., for binary cyclic codes.
A version of the package for Z2Z4-additive codes developed by the Combi-
natorics, Coding and Security Group and the manual with the description of all
functions can be downloaded from the CCSGweb page http://ccsg.uab.cat/.
The package provides a tool to work with codes over Z4 considering Z2Z4-
additive codes with α = 0.
Given a cyclic code, C, over Z4 of odd length, there exist generator poly-
nomials f(x) and h(x) such that C = 〈f(x)h(x) + 2f(x)〉, see [9, Theorem
7.26]. Our Algorithm 1 allows to compute the polynomials f(x) and h(x)
when α = 0 and β is odd.
The functionalities for Z2Z4-additive cyclic codes will be soon available in
the new version of the CCSG package for Z2Z4-additive codes. For any com-
ment or further information, you can send an email to support-ccsg@deic.uab.cat.
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